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Following a key idea of unconventional geomètric quantum computation developed earlier [Phys. 
Rev. Lett. 91, 197902 (2003)], here we propose a more general scheme in such an intriguing way: 
7<i = ctg + r/^/g, where 7^ and 7 9 are respectively the dynamic and geomètric phases accumulated in 
the quantum gate operation, with 77 as a constant and a g being dependent only on the geomètric 
feature of the operation. More arrestingly, we demonstrate the first experiment to implement a 
universal set of such kind of generalized unconventional geomètric quantum gates with high fidelity 
in an NMR system. 
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Quantum computation has been paid intensive interest 
for the past decade because quantum computers are be- 
lieved to be much more powerful and efRcient than their 
classical counterparts due to their quantum natureQ]. 
Significant progresses have recently been achieved in the 
field of quantum computing. Nevertheless, there are still 
great challenges in physical implementation of quantum 
computation. One of them is to suppress the noises in 
quantum gates to an acceptable level, which is essen- 
tial to build a scalable quantum computer. Recently, a 
promising approach based on geomètric phases 0, 0, 
was proposed to achieve built-in fault-tolerant quantum 
gates with higher fidelities|l H S, 0, ES El 

since the 

geomètric phase depends only on the global feature of 
the evolution path and is believed to be robust against 
local fluctuations. On the other hand, in the same spirit, 
an interesting unconventional geomètric quantum com- 
putation(GQC) scheme was proposed^Ü; such kind of 
two-qubit gate was indeed reported experimentally in 
trapped i qnsll3l and was designed with superconduct- 
ing aubits|14|. In this scheme, the dynamic phase 7^ is 
ensured to be proportional to the geomètric phase 7 ff , 
namely, "/d = 777^,, (17 7^ 0, —1) with 77 as a proportional 
constant. 

In this paper, we propose that the above unconven- 
tional GQC scheme|l2| can be further generalized in such 
an intriguing manner: 7^ = a g + 777c,, where a g is a co- 
efhcient dependent only on the geomètric feature of the 
quantum evolution path in the gate operation. It is clab- 
orated that this generalized unconventional GQC can be 
realized in physical systems like NMR. In particular, we 
report the first experimental implementation of a univer- 
sal set of such kind of unconventional geomètric gates 
with high fidelity in an NMR system. 

Before we present our new results, let us first eluci- 
date how to realize a single-qubit gate with the general- 



ized unconventional geomètric phase shift in the eyelic 
evolution |l·l|. For an one-qubit system, consider two 
orthogonal eyelic states and \ip-), which satisfy 

the relation U(t) \ip±) — exp(±ij) \tp±), where 7 is 
the total phase accumulated and U(t) is the evolution 
operator of a eyelic evolution with r as the periodic- 
ity. We can write |t/>+) = e~ l i cos § |T) + si n § II) 

and = — e _l ísin^|t) + e 1 ^ cos \ 1 l) , where (x, 

<f)) are the spherical coordinates of the state vector 
on the Bloch sphere (Fig.l), ||) and \\) are the two 
eigenstates of the z-component of the spin-1/2 opera- 
tor (<t z /2) and they constitute the computational basis 
for the qubit. For an arbitrary input state denoted as 
\ipin) = a+ \ip+) + a_ |i/>-) with a± = (tp± \tpi n ), after 
the eyelic evolution for the |^>+) state, the output 



state is \ip 
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In the same spirit as that in Ref. 12], once we are 
able to ensure that the total phase 7 is a generalized 
unconventional geomètric phase given by 

7-a s + (l+7 7 )7 ÍJ , (2) 

this ZJ-gate is an unconventional geomètric quantum 
gate. For example, along a eyelic evolution path A- 
B-N-A on the Bloch sphere in FigQ] it is found that 
"fd = — 7r/2 — 7 g , and thus the unconventional geomèt- 
ric phase (— 7r/2) will be accumulated in the qubit-state. 
The corresponding U -gate is just an unconventional GQC 
gate. In the experiment, the two single-qubit gates to 

V J), (7 = -tt/2, x = 0, 
= 0) and U 2 = -i /y/2 (\ \ \ , (7 = -vr/2, X - tt/4, 



be chosen are U\ 



2 



= 0). As is well known, to achieve a set of universal 
quantum gates, in addition to the above two noncommu- 
tative single-qubit gates, we need also to construct one 
nontrivial two-qubit gate based on unconventional geo- 
mètric phase shifts. In the present work, a nontrivial 
two-qubit gate is obtained when the loop is controlled by 
another qubit; for example the controlled loop N-A-B-N 
leads to a controlled unconventional GQC gate: 



U r . = 



/-i 0\ 
i 
10 
\ 1 / 



(3) 



We now demonstrate how to achieve the above uncon- 
ventional GQC gates using NMR interferometer, noting 
that the NMR has been a mature technology to simply 
illustrate certain quantum information processing meth- 
ods in recent years and a numbcr of important experi- 
ments like the demonstration of the Shor algorithm have 
bccn reported[Í3. In our NMR experiment, the two - 
qubit NMR system is 0.5ml, 20mmol sample of carbon-13 
labelled chloroform (CHCI3) dissolved in de acetone [ïrïj . 
Qubit a is identified as the carbon-13 nucleus and qubit 
b as the hydrogen. The Hamiltonian of the system is 
written as: 



h = ujj a z + uj b i b z + i-xjrjl 



(4) 



where the first two terms characterize the free proces- 
sion of spin carbon-13 and hydrogen about the exter- 
nally applied, strong static Bq with freqüències u a /2Tr ~ 
100MHZ and uj b /2ir ~ 400MHZ, and l a z and I b are the 
z components of the angular momentum operators for 




FIG. 1: The eyelic pathes in the experiments. When \ip+) 
loops along the path N-A-B-N , and \ip-) loops along path 
N'-A'-B'-N' , the phases gained are —n/2 and n/2, corre- 
spondingly. The polar angle of A is arbitrary between and 
tt/2. 
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FIG. 2: The quantum network to measure the unconventional 
geometrical phase, which is in fact a two-qubit gate. The 
top horizontal line represents an auxiliary spin half particle, 
or an auxiliary qubit, labeled as qubit a. The bottom line 
represents a qubit labeled as 6, in state pb which undergoes 
a eyelic evolution induced by a unitary operation U(t). We 
choose our reference basis, for qubits a and b, to be states ||) 
and In this basis |±> = l/v^ (|T) ± ||>), thus the initial 
state of auxiliary qubit is j+) a . The phase gained by qubit 
b after the evolution operation U(t) is detected by a phase 
sensitive detector. 



qubit a and qubit b (7 2 a = l/2a z l ,I b = l/2a b z ). The third 
term characterizes a sealar spin-spin coupling of the two 
spins with J = 21A.5HZ. The spin-spin relaxation time 
are 0.35s for carbon and 3.3s for proton, respectively. 

Initially the two qubits are in thermal equilibrium with 
the environment and their state is described by the den- 
sity operator p t h oc + We use the "spatial averag- 
ing" technique to prepare the effective pure state 1 00) , or 
in the density operator form: |(l+2I£)®A(l + 2i*). The 



NMR pulse sequence to generate this state is: - 
Rx(j) - T7 - RtJl) - G z , where R b - "- iaI < 



G 



4 , 27 "-«(f ) _G *> Where R íi a ) = e 

denotes a hard pulse applied on qubit b to make it rotate 
around the x axis by angle a (R b _ x (a) = R b x {~a)). G z in- 
dicates a z-gradient which destroys all coherences (x and 
y magnetizations) and retains only longitudinal magneti- 
zation (z magnetization component), and represents 
a time interval during which only the third term of the 
Hamiltonian evolves. 

In the beginning, we measure the unconventional ge- 
omètric phase when the state evolves along the loop we 
have designed. The quantum network utilized and a brief 
measurement description are presented in Fig.2. Qubit a 
is the auxiliary qubit to help observe the phase of qubit 
b aequired when undergoing a eyelic evolution path in 
Fig.l. The Hamiltonian for spin b in rotational frame- 
work of rotation speed u>' b — lui, — nJ is given by 



H b = (iü b -üj' b ± TTj)I b 



(5) 



Note here that H b is dependent on the state of qubit a 
through the term ± J. Explicitly, it is 2nJI b if the state 
of qubit a is \ip a ) = ||), and it is zero if the state of qubit 
a is \ip a ) = |i>- 

The NMR RF pulse sequence can be expressed as 



1' 

2' 



■n-R° 



(6) 



3 



-100 



-80 
£D -60 

co 

(D 

S - 40 



-e — © — e — Q — e — e — © — © — © — o— 



-20 



100-, 



20 40 60 80 100 

9 [degree] 



CD 





80 
60 
40 
20 




-© © © © © O © Cr- 



20 40 60 80 100 

6 [degree] 



FIG. 3: The measured unconventional geomètric phases in 
our NMR experiment. The two reference states evolve re- 
spectively along the path N-A-B-N (up) and N'-A'-B'-N' 
(down) [see Fig.l]. We set the polar angle 6 of A to be n7r/18 
(n = 0, 1, 2 • • • ,9) and mir/18 (m = 9, 10, 11 ■ ■ • , 18) for A' . 
The measured results are in excellent agreement with Eq.(2) 
with a g — —n/2 and rj = —1. 



We intèrpret the process in detail as follows. Suppos- 
ing that the starting point is N, rotating firstly qubit b 
around the axis y with the angle ^ transforms the Hamil- 
tonian of qubit b to 2ttJI^. if it is not zero. Tiris operation 
is denoted by R h y {— §)■ Note that \ub — u> a \ is much larger 
than J, hence the state of qubit a is (almost) unaffected 
by any operation on qubit b in the whole process. The 
interaction Hamiltonian will create an evolution path on 
the geodèsic curve N-A during the interval t\ = jj. The 
next step is to rotate qubit b around the y axis with ^ 
to let the Hamiltonian return to the original one. Dur- 
ing the interval T2 = , the state evolves freely through 
the path A-B. Then repeat the same operations as men- 
tioned above i?^(f ) — T\ — iï?_ B (§), qubit b will return 
to the starting point with a phase 7 being accumulated. 
While the phase is zero when qubit a is |^>„) = ||). As 
a results, the auxiliary qubit acquires an internal phase 
factor 



í.e. 



1/V2(|T> + |!» ~ i/V2(e^|T) + |4)). 

Exploiting a phase sensitive detector on qubit a, we can 
observe/determine this phase 7. 

In the experiment, the rotation operations on qubit b 
were performed by hard pulses. The phases accumulated 
via the two designated paths: N-A-B-N and N'-A'-B'- 



N' were measured. In the loop N-A-B-N, the polar angle 
of A is set as 8 — mr/18 (n = 0, 1, 2 • • • ,9), and in the 
loop N'-A'-B'-N 1 , the polar angle of A' as 6 = tott/18 
(m = 9, 10, 11 • • • , 18). The results are depicted in Fig.3, 
which are in excellent agreement with Eq.(2) (with a g — 
—w/2 and r\ = —1). Therefore, this evolution loop can be 
used to construct the set of unconventional geometrical 
phase gates U\, U2, and U c , which will be demonstrated 
in the experiment detailed below. In addition, we adopt 
the averaged gate fidelity, defined as 



T={^ in \Wp out U\^i 



(7) 



to measure the precision of the experimentally imple- 
mented gates with respect to an ideal one, where the 
over-line denotes the average over all possible input states 
l'í'in), and U is the unitary operator corresponding to the 
ideal gate. 

In our experiment, two single-qubit gates were implc- 
mented by performing the following procedures. In con- 
sideration of the symmetry of the two qubits , both gates 
were implemented on spin (qubit) a, with spin (qubit) 
b being decoupled by spin echoes. In both processes to 
realize the single-qubit gates, the irradiation frequcncy 
of the carbon channel was set as vj a — 4nJ and Wf, for 
the hydrogen channel, so the Hamiltonian in this rotating 
frame reads H a = AtïJI^. 

(i) By applying the NMR pulse sequence i?°(f ) — jj — 
Rx( 7r ) ~ WJ ~ R-xi 71 ) ~ R-x(j )> m which the ir pulses on 
spin b are used to cancel the coupling J of the two qubits. 
Under the pulse sequence the starting state |0) cycles 
along path N-A-B-N with the state |1) being meanwhilc 
along the path N'-A'-B'-N'. Since 7 = ~n/2,x = = 0, 
we achieve the gate operation Ui from Eq.(l). The aver- 
age fidelity of one qubit gate may be evaluated by simply 
averaging the fidelities of six axial pure states on the 
Bloch Sphere [3: |0> , 1 1> , |0> ± |1),|0) ±i\í). In the ex- 
periment, by quantum state tomography, the fidelities of 
the six pure states were measured as 0.999, 0.999, 0.982, 
0.990, 0.969 and 0.983, thus the average fidelity is 0.985. 

(ii) By applying another NMR pulse sequence gj- 
R 2 xM-è- R -^)-R a y (i ), the state = cos f |t) + 
sin^ ||) cycles along the path E-F-N-E while \ip-) = 
sinf |T) - cos f ||) along the mirror loop E'-F'-N'-E' 
on south hemisphere. As a result, the lògic gate U2 is 
realized, with the fidelity 0.975. 

(iii) We now turn to address how to realize a non- 
trivial two-qubit gate experimentally. Figure 2 shows a 
schematic network of a two-qubit gate. If qubit a is in 
the state ||), an evolution path of N-A-B-N (or N'-A'- 
B'-N') on the Bloch sphere is produced for qubit b; if 
qubit a is in the state ||), nothing happens to qubit b. 
This is equivalent to say that the time evolution operator 



satisfies the relation: U(t) \i(;± i 



\ip±) if qubit a 



is up, while U(t) = 1 if qubit a is down. Here \ip±) corre- 
spond to point TV and N' respectively in the Bloch sphere, 



4 



with =F7r/2 are the unconventional geometrical phases ac- 
quired respectively Therefore the two-qubit logical gate 
U c is obtained. 

This is a nontrivial conditional phase gate(two- 
qubit)H EU. To completcly characterize the process, 
we performed a process tomography on the two qubit 
gate. Using the method described in Ref. ^t|> we 
realized quantum state tomography of the 16 states: 
\fl>k)\i>i) (M = 1,... ,4), where |^i> = |0), \H) = |1>, 
IV*) = ^(|0) + |1)), |^4) = ^(|0) + i |1)). The average 
fidelity of the gate was found to be 0.934, which is higher 
than that of the conventional dynamical gate. 

All our measurements are conducted at room tempcr- 
ature and normal pressure on a Bruckcr AV-400 spec- 
trometer, and quite high fidelities of a universal set of 
quantum gates are achieved in NMR systems. Essentially 
this is due to the fact that such kind of gates are realized 
by using unconventional geomètric phase to fight against 
decoherence. Therefore, the measured fidelities are ro- 
bust. However, there are some observed small deviations. 
Such residual imperfections will always remain in the ex- 
periment and may come from imperfect pulses, quantum 
tomography and inhomogencity of magnètic field. 

In conclusion, we have generalized the idea of uncon- 
ventional geomètric phase gates. It has been illustrated 
that this generalized unconventional GQC can be implc- 
mented in NMR systems. Indeed, we carried out the 
first experiment to achieve a universal set of such kind 
of gates with quite high fidelity in NMR systems. Our 
scheme using the generalized unconventional geomètric 
phase is very interesting and valuable in physical imple- 
mentation of geomètric quantum computation because it 
can shorten the gate-operation time while keeping the 
high fidelity. The present scheme may also be feasible in 
other physical systems, which would stimulate significant 
experimental interests. 
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